o

)

)

b

s 2

© O

&0 =

T 3 :

o g ~ g

2 L O ©

ee - W

S\ > &)

s O © g

= e Q o

K ) ©

Oit. S =
D o

n.ﬂ .pnv

S O

c O

O ®

-1

Q

<




Lecture schedule

8-9 6. Basics of discretization methods
-Principle of discretization method, Truncation error, Round-off and Discretization
errors, Convergence for marching problems, Stability analysis, Von Neumann

analysis

10 - 12 | 7. Application of numerical methods to selected model equations
- Wave and Heat equations, Euler explicit and implicit methods, Second-order

upwind method, Second central different method

13 — 14 | 8. Application of numerical methods to selected model equations (Continue)
- Laplace’s and Burges equations

- Adam-Bashforth and Crank-Nicolson methods

- Solve the matrices with ADI, SOR methods, and etc.

15 - 16 | 9. Numerical techniques to solve fluid flow problems
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Wave equations

® 1-D wave equation 1w 2" order hyperbolic PDE GHNEER

o‘u 0%
LA o

A “ ] _ e e S S ) 5 a
]UN1IN (1) LUURUNITLARAWN (Propogation) UaJARULRENINLARDUNANIY AINULIILREN C 1%
@ A A wa = o ! .
AINaNNAAUINUADLILALINY (Uniform medium)

A o . % SR o 1 & st : a VL Y &
FUNIINANBUAILARINWULALLW 15 order equation LUg% ALl

8u+cau:0 ¢>-0 (2)

ot OX

RUNIIN (2) 138nN31 1-D linear convection equation

Chainarong Chaktranond, Thammasat University 4




Wave equations

(] Schemes Nlgunaunis wave equation

" Euler explicit method

" Upstream (First-Order Upwind or Windward) Differencing Method
" Lax method

" Euler implicit method

= 2" Ypwind method

" Time-Centered Implicit Method (Trapezoidal differencing method)

" Runge-Kutta method

Chainarong Chaktranond, Thammasat University 5




Wave equation: Eurler explicit method

"  Simple explicit one-step method

n+1 n n n
Z‘:+c22=0 c>0 :> iR e s St (3)

At AX
¥ et S S IS
J el ZE2T0 c>0 (4)
At 2AX

lugansn (3) aAnwandasadluduaui 1 (First-order accurate) iuda At uaz Ax asnuuiid
Truncation error LT O[At , Ax ]

gulugunsn (4) anugndesadluduaun 1 (First-order accurate) Wufia At aaniuiien
Truncation error 1w O[At, (Ax)? ]

aumiﬁl (3) ez (4) 1w Unconditionally unstable

Chainarong Chaktranond, Thammasat University 6




Wave equation: Upwind differencing method

a0
At AX (3)

RUNIIN (3) RINNIAYIN A Stable lagnnsuny Forward space difference la# Backward space

difference laadn ¢ Aandluuln a1 ¢ Handuauud Forward space difference ﬁ]ﬁ:ﬁaagﬂ
e -

@]i’)ﬁ]ﬂaULWBI%Lﬂ@ Stability

fnsuan ¢ danduuaniiald Backward space difference a2 1@

n+1
j

—uy U -y
456 = c>0 (5)
At AX

u

JUNIN (5) mmgnﬁaaagi‘tué’ué’uﬁ 1 (First-order accurate) kazi@n Truncation error 1T

O[At, Ax ] uaza1n von Neumann stability analysis L&@33135%32 stable 138

Ry P

Chainarong Chaktranond, Thammasat University 7




Wave equation: Lax method

RUNTIN (4) &N150¥N A Stable lasmsuny U

SRS
9
)
=

AR
s

IE
]
=
-
~—~—
~—
N

Lazi3anaumInladn Lax method (Lax, 1954)

n+1 n n n n
u; —(uj+1—uj_1)/2+Cuj+1—uj_l 0 =
At 2AX

RUNNIN (6) \Ju First-order accurate 113 Truncation error L% O[At ; (Ax)2/ At ] ez
Stable \iia || <1

aUN13N (6) 8133zl Uniformly consistent 1ita337n (Ax)%/ At anaazlaihgaud vmen At
Y 1 6
ez Ax g
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Wave equation: Euler implicit method

]UN13Y Wave equation RUN17 (3) RINIDUNWEE Euler implicit method

n+1 n n+1 n+1
i Y +Cuj+1_uj—1
At 2AX

- 0 (7)

RUNTIN (7) mmgnﬁaaaﬁué’ué’uﬁ 1 (First-order accurate) az A6 Truncation error 1%

O[At, (Ax)? ]

91N Fourier stability analysis N IBL unconditionally stable nﬂ"ffunm

Chainarong Chaktranond, Thammasat University 9




Wave equation: MacCormack method

" 35 MacCormack method (MacCormack, 1969) faulgunlunsuizunisnisuas nawas
Nonlinear PDEs

m 3“5‘ﬁgﬂﬁ'@ummmﬂ3% Lax-Wendroff scheme G?jam%'@wmwm‘hLﬁuﬁ@‘i’aaﬁwmmé’aﬁvlaji@hﬁ

90 j+1/2 a2 j-1/2

=0

1
=\

= Lualfﬁuﬂmuﬁﬂ linear wave equation LR 1o explicit method gﬂaumilﬁﬂu‘l@ﬁﬂu

Predictor: an+1 —u’ - C%(u?ﬂ 7 an) (8)
X

1 = At =
=2 v o o) .

Corrector: i D L] j Ax
=l e & ' : '
ey U, : Lﬂ%ﬂ’]%’sﬂi’]’aﬁgﬂm@mﬁtﬁ (Temporary predicted value) 983 u 81 n+1

Il Forward difference waz BmbeN&UNT corrector Qﬂ1°ﬁLﬁa%1ﬁwq@ﬁwal°nao u AL
n+11les/ld Backward difference

Chainarong Chaktranond, Thammasat University 10




Wave equation: Second-order upwind method

Second-order upwind method (Warming and Beam, 1975) Jun19Wa 131N MacCormack
method %917 Backward differencing method lu&uN39 Predictor step LA corrector step
&§1AIUAT ¢ > 0

Predictor: an+l = U? o c%(u? ol u?—l) (10)
X
Corrector:
1 e Ak == @ At
U = = iz CA—(an+1 - ujn_+11)_ CA—(u;‘ =7t 2u;‘_2) (11)
X X

AN3LAY second backward difference luaunsh (11) YNl scheme Va4 second-order

accurate 461 T.E. 1Hu O[(A1)? , (At)(Ax), (Ax)? ] srgums (10) gmmﬂuawmsﬁ (10)
sUsumnanaiu

n+ n n n 1 At At n n n
u’ 1 = U] —U(Uj —ujl)+§ch(cAX—lj(uj —2uj_l+2uj_2) (12)

Chainarong Chaktranond, Thammasat University 11




Wave equation: Time-Centered Implicit method

25Time-Centered Implicit method 213138NaNaL19IN (Trapezoidal differencing method) Juds
hilanugnaasluauauaas wia Second-order accurate implicit scheme LATAIWIT IHANNANT

1o Taylor-series expansion 2 T ah

n At - 5 At % >

urt = uf + At ()’ +_( ) ()" +%(Um)j s (13)
n+ At : s At : 2o

u? :u?H_At(ut)j 1+u(utt)' 1_( ) (uttt)j e (14)

2
Haunugauns (13) e (U )r_‘+l = (U, )T + At (U, )r_‘ e

P el

USs=y’ +—[(ut)”+(ut)”} +O[(At)3J (15)

Chainarong Chaktranond, Thammasat University 12




Wave equation: Time-Centered Implicit method

A o A A A ! s : A A A 0
VIR (15) "ﬂzllﬂﬂ']:l'mzlfﬁwa%q@liﬂLﬁﬂﬂﬂJﬂqﬂﬂﬁl (Trapezmdal dlfferencmg) NIaLILTNN YN

: 4« =
11 Crank-Nicolson differencing @4L1/# unconditional stable nvn time step

Chainarong Chaktranond, Thammasat University 13




Heat equation

|
ANN1IAMNTOW 1 AA (FNN1SNISUNT, Diffusion equation)

ou  ou e
- a_

ot oX’°

= o i A L £ { I3
\HusunmisuiustasuuuwTluda (Parabolic PDE) Sluaaunisn (16) ilusunsaiuqa
fnusumnihanuiaunlsaunImuwsludnaninguandflawiuuwuy 1 8@ (1-D
: . . LR 5 oS %
isotropic medium) #anAINNFNNNITHEILEIN809 (Model) ANBILNNT AN SINWUILANNVD S

A 6 a . g A 2
RUNNILUNINILIEBSUUUNIIN LR (Parabolic boundary-layer equation) anaig

Chainarong Chaktranond, Thammasat University 14




Heat equation

SadowluSuduwinruwaliidn u(x,0)=f(x)

Sadowlvveuainnualiiiu u(0,t)=u(lt)=0

J3N1IUNWATI (Exact solution) A | (xt)= i Ae " sin (kx) (17)
n=1

, 1
59 A, =2I f (x)sin (kx)dx waz  k=nr
0

FUNNT (16) ENANTARNMIA NI IIDNAAIFULILE DAL T

» Simple explicit method
* Richardson’s method
e Crank-Nicloson method

* etc.,

Chainarong Chaktranond, Thammasat University 15




Simple explicit method

n+1 n

n n
U, —u u 2U; +U;_,
+a

At (Ax)2

n —
j+1

@i’lm’]&lgﬂﬁad (First-order accurate) 461 T.E. 1w O[At , (At)]
nanzasddanugndatadlududy O[(Ax)? | uazithaziatius (Stable) Lijo

Ogrg1
2

e > aAt
Nep (AX)Z

Lazaun13UIuLs9 (Modified equation) e bt

A 2
u —au, = —ioczAt+M U
2 12
i 8 Zeratly. ; (18)
{3@ (1) - At (A" + (¥ }umﬁ

Chainarong Chaktranond, Thammasat University 16




Simple explicit method

f1 1 = 1/6 fanunana T.E. aznaeniln O[(AL?, (Ax)* ] wananfidedanaifiuinmanaad
mgﬁuﬁfﬁlﬂmamﬁ' (Odd derivative terms) 3z lsiUsngaglulu T.E. Favnliaasanuianaia
lugunsanusan LLaz@hmmﬂ@wm@Lﬁaamﬂmawmgﬁuﬁamﬁ f%a97 anuAawae
H1899INMIUNINIZaNe (Dispersive error) Favnlwendaauiiaanudaiien (Distort) 32%7314
L& @T@Lm@ﬂugﬂ A ﬁiauiugﬂ (V) LﬂuwaLﬁaamﬂmaumgﬁufﬁﬂummﬂ (Even derivative)

(M) (D) (9)

ARANAALLLA 9 (N) Aaauinass (1) naanudaidaaan Dissipation error (3MNM3ME 1% order method)
LR (M) nadaida3n Dispersion error (%’mmﬂ"ﬁ 2" method)

Chainarong Chaktranond, Thammasat University 17




Simple explicit method

o
-

ou  ou

— = —
ot OX? At

Lr]

KW—J; N 7h

AR LALLR LAY
A
1
v
LHELTLE R AR LR AR

9]

X

=

INITIAL DATA
LINE

- \Wald explicit scheme @1 u 139 p anaIama lalas lidasldiieulvveuiuaves AB uaz CD
- @9Th1 explicit scheme bULANTRNAL aumsm'}u%au%%aammimgﬁufuuumiﬂuaﬂLWiﬂz

Fnduwaadlritow luvauiwe
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Richardson’s Method

1 1910 Richardson lasiauanisuiannsansanlasls explicit one-step three-time-level

scheme

e S e i ) Ty

’ =g _ (19)
2At (AX)

Scheme ﬁiﬁm’mgﬂﬁadLLUU@%WufﬁuﬁUﬁad (Second-order accurate) ga8aN T.E. 11w

O[(At?, (Ax)? ] waddhianuianasiduuuy Unconditionally unstable LLa:VlaigﬂﬁgaﬁLLﬁa'h
Tdaunsaudtdymsunisanusonla

Chainarong Chaktranond, Thammasat University 19




Simple implicit (Laasonen) method

o g : o L gy 4
U 1949 Laasonen leiauanmsuizunisauiaulasld Simple implicit scheme Tadiytuuy

R
n+l n n+1 n+1
U, —u e Ui, —2Uu; +u (20)
At (Ax)
310 Central-difference operator
2,.N
o,ui =uj, —2ui +u; (21)
AIUUFNNITN (20) SO T8 LaLTlne
n+1 n 2, .n+l
ST s :a5x“j (22)
2
At (Ax)

Scheme uummmnﬂmauﬂuauwuﬁamuw 1 (1% order accuracy) 361 T.E. 1Ju Ot,(Ax)?

waztdw Unconditionally stable

Chainarong Chaktranond, Thammasat University 20




Crank-Nicolson method

_ T, 5 2 s bl o
1 1947 Crank waz Nicolson basitauansuiannsanusaulasld Implicit algorithm G934
sUuuy Ao

n+1 n 2 - 2, .n+1

At 2 (Ax)2

Scheme il Unconditionally stable algorithm LLazLﬂuﬂﬁﬂwlﬁﬂﬂiﬁﬂlu%a Crank-Nicolson

scheme
Scheme lT®anmMIved Trapezoidal differencing Lﬁal‘ﬁlﬁm’]&lgﬂﬁad 2" order accuracy Ny

T.E. 1iu O [(A1)? ,(Ax)? ]

Chainarong Chaktranond, Thammasat University 21




NITUNANNITAMINSDWLUL 2 N6

v A A 2 2
RUNTITIAMNTOWLLL 2 UG ou 3 o°u - o°u (24)
ot ox° oy’
FLYL: e e DUt e ) e I e
Vel Explicit method azla o EcY "12 =] + L+ "12 bl
Al (Ax) (Ay)
A (25)
- — . .
Dy X=IiAX uwaz Y= JAY
Fitz
1 . <
A IR Stable L4@ (37N Fourier analysis)
Y+ A
1 1 1
7 O——0 aAt ~+ <=
(ax)" (ay) | 2
i )
Fia
iz -l B 341 iz T3 22




NITUNANNITAMINSDWLUL 2 N6

I

o 2 2 { =y {
o (Ax) =(4y) Gewlvvasanuisiusanfialuila I <

Lﬁai% Crank-Nicolson scheme %VLGT

uir"frl_uin o u™t
JAt (52+5y2)( v )
[ T
J (AX)2 (AX)2
s Y = 2u _§y2u,”J
o (Ay) (Ay)’

Chainarong Chaktranond, Thammasat University
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NITUNANNITAMINSDWLUL 2 N6

NNRNNNT (26) Lo batdu

au™’, +bu™ +ou”t +bulls +au,
A A
103
s aearAL 1
i > = —— y
2(4y) 2
At 1
e S
2(Ax) 2
cC=1+r.+r,

Chainarong Chaktranond, Thammasat University
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WWarnvua i Computational mesh @1 6X6

L]

LSS SIS, SLLLS,

o
R

u=u,= CONSTANT ON
' BOUNDARY

F

.

r
o

o ANRRNY x&xxxm@
ra

J '1 ! 77777777 ffffiffﬁ?ﬁ



WWarnua bk Computational mesh H61 6X6 AL TLWLNATAS LabTlt

¢c b 00 a0
b ¢ b a
0 b c b

0 b ¢ 0

=
=
o
T3

0 ¢ b
b cb

a 0 05b

o

T O o &

— —

n+1
Uz

n+1
usa

mn+1
Ua2

n+1
Us 2

n+l
Uz s

n+1
U3 3

n+1
Ug 3

m+1
Us 3

n+1
Uz 4

n+1
LEW

n+1
n+1
Hq,,s

n+1
Us s

g

day,2
d3,2

da,2

A A
N
d'=d-au,
d"=d-bu,

d”=d-(a+b)u,



Successive over relaxation method (SOR)

3 Aad o 1 1 o A Y &
LUHITNIIHRIANG ?J‘UI@ Elﬂ’ﬁLm‘l«laEifﬁJ ﬂ’]ﬂﬂ@lﬂﬂﬂ(ﬂ%ﬂ&lﬂ’]i I@ gLl EI‘I/LE‘]J allﬂ’ﬁvl.(ﬂ 1w

S AP - AN%;; - A —AG L1-w)g @)

{ = . . ! ' o " @ I
1359 @  @ad" Over-relaxation factor kazAAININNTY 1 (FviNU 1 JUsuMITaznanaLln

¢S+l —

Gauss Seidel method)
AX

N @ad" iteration counter

Yj+2 n+1

A
Yin A\ ¢ ’

\)_ ¢n+1

E

<
b
_+_

R
A
()
M
()
N

Yia \|/

' Y/ ;>
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Alternating Direction Implicit method (ADI)

LY o =) Y ‘é U
1 1955 Peaceman ,Rachford L& Douglas lavinanadsuAannIseuy ADI $9Usznauans 2

UYUADUAD
n+
V) 1 u . —U-n- a A n_f_l A
PUADWN 1 IyJAt/ZI,J =E(5fui,jz +5§Ufjj (29a)
Y s n+1 e ik I

7% ADI lifanugndatduauses (2™ accurate) sae T.E. den O [(At? (Ax)? (Ay)? ] uaz
Ju330 14 Unconditionally stable

Chainarong Chaktranond, Thammasat University 28




Alternating Direction Implicit method (ADI)

n+ 1

"

&

7

7
7

7

/ 1
e .
f‘/ -
% 7 &
%
Yir
Yy =1 '\Zg/

o,
%

71— IMPLICIT

—J—- x = jAX

Chainarong Chaktranond, Thammasat University

INFUNIIN (29) LABIINIIUA

gUNTAzLanLn 2 % (Splitting)
laglu

Qg: dl a 6

RABWN 1 LUAINDUUD 3 W ln

LLIAILLT mazgﬂm@hlmlﬁiaz
ALAUIVDIVAILADT j LAY

09: dl A 6
YRADWN 2 LUAINDLUUY 3 LLﬂ')sL%

LN mﬁlzgﬂm@iﬂmlﬁiaz

FULAUIVDILDD | A9 LLﬁ@IGSL%E‘U




Alternating Direction Implicit method (ADI)

& =
Yaain 1

1
n+= t i

g e T et S2Ue LT (293)
ALY 255 0 e
n+1 n+— n+1 n+1

ui,j _uir,]j - ui+l,2j _Zui,j2 +ui—1,2j - uir,]j—l_zuir,]j +uir,]j+1 (30)
At/ 2 (AX)Z ( Ay)Z

—a &l U+ 1+a At2 U’ —a 4 ekl (31)
2(Ay) (AX) 2(Ay)

] T o = Y {9 ]
TIALRAWINNOUNITILVAIRNNNT (31) LﬂumLLﬂiﬁgm RIBLNDNNINVINVBIFNNT (31)
Lﬂuﬁavl,ajj’ml,l,a:ﬁt,ﬁm 3 mawﬁaﬁmﬂﬁm@%ﬂsﬁﬂugﬂ 3 wn Ll wungd
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Alternating Direction Implicit method (ADI)

& =
YHADUN 2

[Rsh = n+§ !
O e 5quinj+5 N 5yzuinjﬂ (29b)
At/ 2 2 : ’
1 1 1
U™ty 2 U 2-2u 24y 2 yvt _gymtqyn 32
i B i+1, i —d=] 2 i) j+l i il (32)
At/2 ( Ax)2 ( Ay)2
At n+% At n+% At n+%
o S e 1+« o L > U2 (33)
2(Ax) (Ax) 2(Ax)

At
=—a X U, + £1+ a

At
J Ty Tieh

(ax)" ) 2(ayy

‘é ~ 1 U ~ Q I9/ 1 U U g$ { 1
TaaziAninnaundisvesaums (33) iududsniduas (wnldanduaaui 1 dumnay
NNVINVBIFNNIT (33) Lﬂué’avl,&ij’@hl,l,a:ﬁl,ﬁm 3 mawé’aﬂfmﬂﬁm@‘%ﬂsﬁﬂugﬂ 3 402 ML ILNEI
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Alternating Direction Implicit method (ADI)

%%ma%ﬁ 1 i___““““““"““““““ e __“_““““““"““““““15 . PO
a2+ 1a Sl | —a— 2, @i
208y e e TR
R T e L B o L g (31)
: ! At = At Tt At asd
@ AN v ! :a—ui+2.— 1+C¥ Ui-2+0£ ui_2_ i
Ll b s <Ax>“‘£ _______ ( Axf)’zwf _____

NRNNNIN (31) LT Implicit method ka2 LRINITRIALNAINSD LALL LU NBANNLDI LU UILNE
(TDMA) = .

Qxs OLHOD

QO BICTY

)= )

O T O

pe bl B e )k Ko )
DIWET «p
oh®
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Alternating Direction Implicit method (ADI)

& =
YHADUN 2

e - ra s T e S yls | dusiifen
________ AT R e o AV 4 g 9.y ¢ B (33)

| S S R o R i S )

- Maia = -« o e S U —«a iy

LRIk 2<A>“1{ _______ <Ax>2J‘ ________ 2(ayy

NRNNNIN (33) 1% Implicit method ka2 LIRINITNIALNAIND LAL LU NBANNLDI LULUILNE
(TDMA) b 8

C
= At a b c
=—-
2(ayy ; >
a C : s
= R
b—(l+a Atz} a b c {UI,J} {IJ}
(AX) a b c
Gy At : a b c
2(4y) ; a b]
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Laplace’s equation

UNT Laplace equation (uunuiiaaszasaunsaywusuuudilda (Elliptic PDE) uazdniu
Jaum 2 Sdsumasdanoidon o
o’u o°u
> + 5 = O (34)
ox" oy

Jymnltuuudrssssumasdanssiwlngazdudyninaniizasan (Steady state) 1w Uym
miﬂﬁ?zﬁl’]Uﬁ’mmqn}mﬂumwﬂawﬁa (Steady-state temperature distribution) LLazﬂzymﬁmivlm
LLUUgﬂﬁQVLﬁVLﬁLLavaﬁLﬁ(ﬂmi%&‘!% (Incompressible irrotational (Potential) flow of a fluid)

A 6

A A = &
Laztilanaunenlavadannis (34) Nenldiduandual aunmaznaaduaunistiwes

B

(Poisson equation)

2 2
T8 T (xy) (35)
ox~ oy
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Laplace’s equation

NNILARNNNT Laplace equation AILIDHAAIITULID (Finite difference representation) 1%’°ﬂ’a§a 5
Gl Ao

—2U +U |J+1_2u +U (36)

L g =0
(AX) (Ay)

I+1j

NFNMT (36) 92 b@316n T.E. Hen
O [(Axy ,(Ay)* ]

o

Chainarong Chaktranond, Thammasat University 89




Navier-Stokes equation

sunIuIILs-aldn (Navier-Stokes equation) Lilusunsniiana laiiduldadugannn (Highly

Non-linear equation)

Other body forces

AT g R
I —t+V'VVj=—Vp+/N2V+ f‘/ (37)
Unsteady acceleration \ \Vlsc?s,ty
Convective acceleration Fressure gradient
5 ot X OZ i X OX - 6)(2 5)/2 aZZ
A O O B e O =St 3OSV SO SVAS O (38)
Lo o B %)Y #l o oy’ 0z
ow ~ow oW oW op (*w *w ’w
O el e B e e S e
oL - oX oy e—0Z A e
36
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Navier-Stokes equation

ﬁﬁ%%ﬁ_lmiv[%aqmwﬂa (Ideal fluid flow) W38 N NURILA (Inviscid flow or No shear stress flow)
#=0
= 6 (2] 1 A = | [V~
sunIwIesalae wuvuluianuniadonlaidn

P, aa—\t/+\7-V\7 = —Vp+f )

LRSI ANATINNNT IAANINITUULAIA (Steady state) Lad32 b aNNNINITHNI1 Euler equation

2 2
A2 o 2
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Assignment 6

RUFAININFIRNT IeuNTa9aun13eatiaed (Euler equation) lasiiuduain sunsuwiisialda

p[aa_\t/ +\7-V\7j = -Vp+uVV + f (37)
R v PV
L+ ligz=-2+2+gz (40)
=272 o 2
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Burgers’ equation

1 1948 Burgers baHNLRUWAINANT

ou au o°u (41)

Time-dependent term Diffusive or dissipative term

Convective term

' . _ ! o i
LLﬂzL‘%ﬂﬂaﬁJﬂ”ﬁﬁ (38) 91 Burgers’ equation LLazLﬁamamlaamm%ﬁ@sﬁoagmamwmwaaawmi
wie'ld (u = 0) 9238031 Inviscid Burgers' equation

ou ou (42)

4 ' - . . '
Taun1IN (41) nnasiduauniteatiaat (Simple Euler equation) uazdislinilansunisnan

(Wave equation)
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Navier-Stokes equation

NNFNNNIN (39) 131813178 Discretize botilu

Yo,

n+1 n n-1 ) ntl _ [N ) n+1 n+1 n+1
u-u p 3uI U, U -ul :_(p, Y M| Y —2u +u U, —2u” +ul
At

_I_
AX AX AX 2 ( Ax) ( Ax)

Adams-Bashforth scheme Crank-Nicolson scheme

(43)

MNFUNIA (43) RN TuaanasmMILiaumsianususasunniwiiiasanndiwlshidasns
WA 2 G208 ANULIT (U) WAz ANNAL (p) ﬁaﬁ?mﬁ'aa@ﬁtymﬁaﬂdn Chorin (1969) lotanais
wiguM3Ni3andn Fractional step method (3188218 8auaad6 Kim J., and Moin,P. (1985).
Application of a fractional step method to incompressible Navier-Stokes equations. J.
Computational Physics, 59, pp.308-323)
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Splitting or Fractional-step methods

2D Fractional-step method A NNANLARINUAT Alternating Direction Implicit method N&aIAe

U 1 1 [ 1 1 Q o U Qs té 1 v v
ﬂ’]iLLﬂﬁllﬂ’]iﬁ]zgﬂLLlld"ﬁ’)\‘lL’m’]Lﬂ% 2 DAL ] Nh I(ﬂﬁl‘l’]’]ﬂ’]iLLﬂﬂﬁJﬂ’ﬁ@]’JLL‘L]?%%GT]E]% LLa’J%\‘iLLﬂ
RUNIRIALLINLARE

y . S = x (44a)
AUADWN 1 = w 2= a5fuﬁ1/2
< o Un+l un+1/2 (44b)
ABADUN 2 i g oA SON e

s = aéy U

27 Fractional-step method aﬂﬁﬁwmmgﬂﬁaaﬁw T.E. O[At ,(Ax)? ,(Ay)]
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Dimensionless equation

o d' U Y Y 1 S5 vaaa A 6 A
mimawmimaamnmawmﬂvﬁagiugﬂml,l,ﬂivljmwﬂiﬂmu R
- aadywiaarnaasmatnuiiva lglumadiwi o

o v = 1 J
- M lRruMINIU 8T
q-l 1 1 1
- US U N URENUNN IR U R IENIINAR DI WNRN AN LA NG9 1

a v

[ Qs = 6 [ o < Qo vAa A g
RIARILFUNIIUILD Eﬁ-ﬂi@]ﬂ NNt %E‘]J @7 LL‘]Jivlﬁ ZEVIQINR2S

* u
Lhe=ss 5=
U, «— Velocity scale
am it X * *
X == 8u+au*u* 8p+186u*
L th | * * i e 7 ” 2 §
e engiizaeao o o ' X Redx ox
* P
P 45
PU,, < Pressure scale (49)
T L
t == s ] _,OUOO
Bl Time scale N0 Re = 1
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sk Splitting or Fractional-step methods

% . | L g 0 . . s 6V
3l Fractional-step method L‘ﬁaLLﬂﬂty‘m incompressible fluid FUsznausuMIWIILS-alda
LLa:amﬂ’ﬁmaamm@iaLﬁaa

*

GRS IO SR o
o, ) (e ax " Re OX; OX;

8ui =

X

WNaliinodanisuaadgums luniisnazasing * lundasinauwaz s Fractional-step method ot

T n n n Rl n-1 —~ —~ —
U —Uu :_E 3ui —Uy _ui — Uiy rw 1 | 0,20 +U, s |+1_2u "'u -1 |(46a)
At P AX 2Re (AX)’ (Ax)’
uiI‘1+1 X Gi = =
e e (¢ ‘\Z (46b)

Virtual pressure

' At
R Correction pressure Pp=¢+ 7 Re V2¢ (46c)

M _, (47)
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sk Splitting or Fractional-step methods

NNRNNNT (46b) Las (47) 3 ben

VL (¢n+1) s ivq (48)

AIBURAIINWAFNNNT (46a) LWAI FNNIT (48) NawNINNLAFNNIT (46b) LLazq@ﬁmmLmuﬁﬂu
dl 1 t:!l vV A v/ 1
]FUNII (46¢C) L‘WB‘W]ﬂ’]‘ﬂLLY]’%J‘N“]JE]GQ’J’]%J@%@IE]VM
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Assignment 7

wAFIli nrum e i-alda Nuizunslagld Fractional-step method lusansn (46a)
(46b) WAz (47) FIARNNIN (48) LT1a3

U — uin e i 3 uin = uin—l - uin_l K uin—_ll x 1 1U,—20 +U, B uirll e 2uin 3" uin—l
At AN AX 2Re (AX)’ (Ax)’
(46a)
u_n+1 ™ G
i [ n+1 (46Db)
e et LS
M _, (47)
OX
(48)
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